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Trace Invariance for Quaternion Matrices
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ABSTRACT

Let F be a field. It is a classical result in linear algebra that for each
A,P € M (F) such that P is nonsingular, tr A = tr (PAP"). We show in
this paper that the preceding property does not hold true if F is the
division ring of real quaternions. We show that the only quaternion
matrices that have their trace invariant under unitary similarity are
Hermitian matrices, and that the only matrices that have their trace

invariant under similarity are real scalar matrices.
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LAYMAN’S ABSTRACT

We consider a classical result in linear algebra concerning the trace of
matrices with complex entries and we determine whether this result
holds true for the set of quaternion matrices.

INTRODUCTION

The trace of a square matrix A,tr(A), is the sum of the diagonal entries of A. If the
entries of A come from the field C of complex numbers, then tr(A)is a linear
functional and is used to define the inner product (A, B) = tr (B*A) on M (C). Trace
is studied in the literature in different contexts. Heunen and Horsman (2013) studied
the trace in relation to orthogonality of vectors. Xiang et al. (2013) provided trace
minimizing properties of certain positive semidefinite matrices. Mckee and Yatsyna
(2014) studied the trace of connected integer symmetric matrices. Wang and Zhu
(2013) studied the trace of elements of modular groups. The trace is also of
particular interest in Terwilliger algebras (Kang et al. 2004; Nomura and Terwilliger
2006).
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Trace invariance for quaternion matrices

It is routine to show that if 4 and B are n-by-n matrices with entries from a field F,
then tr(A4B) =tr (BA). In particular, the trace is invariant under similarity, that is, if
A4, P e M, (F)with P nonsingular, then tr (PAP) = tr (A) . We show that if 4 is an
n-by-n matrix with quaternion entries, then tr (PAP')=tr(4) for all nonsingular P if
and only if 4 is a real scalar matrix. We also show that tr (UAU") = tr (4) for all
unitary Uif and only if 4 is Hermitian.

RESULTS AND DISCUSSION

Preliminaries

We denote the set of all quaternions over the field R of real numbers by H, that is,
H={a+bi+c+dk|ab,c,deR} where ijk=i’=j>=k’ =-1. Let x = a + bi + ¢j + dk,
where a,b,c,d € R. The real part of x is @, the i part of x is b, the j part of x is ¢, and
the k part of x is d. The set H, which contains the complex numbers, is of interest in
many fields of mathematics and physics (Grigoryan et al. 2015; Li and Bai 2015;
Shao 2015; Wang et al. 2015). Let S be R, C,or H. We denote by M (S) the set of
all m-by-n matrices with entries from S. We also write M (S)=M  (S).The set S~
denotes the set of-by-column vectors with entries from S.

For a=aj +ayitazj+ayk eH, the (quaternion) conjugate of a is
a=a,—a,i—a,j—a,k. The (quaternion) modulus of a, denoted by|a|,

= [ 2 2 2 2 I~ -
is |al=Vaa. One checks that |al= aa:\/“1 +ay +ay +ay =Vaa = al,

Observe that if a € C,then the (quaternion) conjugate and the (quaternion) modulus

of a are just the usual conjugate and modulus of a. We observe that if

a
7
lal

a € H is nonzero, then the multiplicative inverse of a is a_l =

The symbols AT, 4, and 4* denote the transpose, conjugate, and the conjugate
transpose of a matrix 4, respectively. An 4 € M, (H) is left (right) nonsingular if
there exists a matrix B € M,,(H) suchthat B4 =1 (4B = I). Zhang (1997) has shown
that for 4, B € M,,(H), we have (4B =) if and only if B4 = 1. Hence, a matrix 4 is
left nonsingular if and only if it is right nonsingular. We refer to a left or right
nonsingular matrix as nonsingular. It is also known that if B exists, then B is unique,
and we call Bthe (quaternion) inverse of 4 (denoted B > 4-'). We note that the usual
properties of complex inverses also hold for the quaternion inverse: (4°')!'=4 and
(AB")'=B'4". Thus, the set of n-by-n nonsingular quaternion matrices forms a
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group under multiplication. Like in the complex case, we say that two
matrices A,B € M, (H) are (quaternion) similar if there exists a nonsingular such
that PAP=B.

Let Ae M, (H) and write A=A +A,j, where A, A, e M (C). The complex
A &}

_Az A1 ’
The complex partition of A, also called the complex adjoint of A, is used to prove
thatif A, Be M, (H),then AB =1if and only if BA =1 (Zhang 1997). The complex
partition is also used in the study of the numerical range in quaternionic Hilbert
spaces (Au-Yeung 1984). We observe that tr y o =tr Aj +tr A = 2Re(tr A). Zhang
(1997) has identified the following (Theorem 4.2 (2) and (5)).

partition of A (Zhang 1997) is the 2n-by-2n complex matrix Xa :{

Proposition 1. Let A, B e M, (H). Then y,x.= x,, - Moreover, if A isnon-singular,
then g, is nonsingularand (x,) "= x, -

Let E;je M, (H) be the matrix having 1 as its (i, j)-entry and zero for the other
entries.

Let U denote the set of all n-by-n unitary quaternion matrices,that is, matrices
Ue M, (H) satisfying UU* =1 . Amatrix Ae M _(H) is said to be nilpotent if there
exists a positive integer msuch that A"=0.

Let a, b € H.We say that a is similar to b if there exists a nonzero x € H such that
xax?=bh. Observe that xy # yx in general, but xy is always similar to yx (if at least
one of x ory is 0, then xy = yx; otherwise, y(xy)*=yx; and that xax*=a for all
nonzeroxe Hifandonlyifae R.LetAe M (H) and xe H"be nonzero. If Ax = x4
(Ax = Ax) for some A € H,then we say that A is a right (left) eigenvalue of A. We
observe that since multiplication in H is not commutative, the left and right
eigenvalues of A may be different. In this paper,we call the right eigenvalues of A
the eigenvalues of A. It is easy to see that similar quaternion matrices have the
same set of eigenvalues. In particular, it is known that an n-by-n quaternion matrix
has exactly n complex eigenvalues. We call these the standard eigenvalues of A. It
is also known that all other eigenvalues of A are similar to the standard eigenvalues
of A (Zhang 1997). Thus, if the standard eigenvalues of A are real, then the
eigenvalues of A are the standard eigenvalues of A. We denote by o (A) the
collection of all eigenvalues of A.

Zhang (1997) has outlined the other properties of H and M, (H).
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Trace Invariance Under Similarity

We study the trace of a matrix over the ring of quaternions. We begin with the
following.

Remark 2. There exist A, B € M, (H) and nonsingular P € M (H) such that
PAP-* = B and tr (A) = tr (B).
. . k 0 -k 0

We give the following as an example. If A = [0 k} and B=[ 0 —k} , then
[(i) HA[_oi _Ok} = B. Thus A is (unitarily) similar to B but tr A =0 -2k = trB.
We ask when is it possible for the trace to be invariant under similarity or what
properties of the trace in the complex case are still applicable to the quaternion
case.We start with the following proposition.

Proposition 3. For each A, P e M, (H) with P nonsingular,Re (tr (A)) = Re (tr (PAP)).

Proof. Let A, P € M, (H) such that P is nonsingular and B = PAP'. Note that tr (y,)=

2Re(tr(A)) and tr (y,) = 2Re(tr(PAP)). By Proposition 1 Xs = X, ;1 =~ ApXaZ 1 =
-1

ZpXaXp . Hence tr (y,) =tr (x,) and so Re(tr(A)) = Re(tr(PAP-1)).

The following corollary is a consequence of Proposition 3 and the fact that if
Ae M, (H) is Hermitian (A* = A), then (tr (A) € R. We recall that for A,Be M_(H),
(AB)* = B* A* and so the set of Hermitian quaternion matrices is closed under
unitary similarity.

Corollary 4. Let Ae M_(H) be Hermitian. Then tr (A) = tr(UAU™) forallU e U .

We ask if the converse of Corollary 4 is true. Before we answer that,we observe the
following.

Proposition 5. Let Ae M_(H). If for every U e U, tr (A) = tr(UAU"), then the
diagonal entries of A are real.

Proof. Let A = [aij] € M, (H). Suppose forallUe U_,tr (A) =tr(UAU™). Suppose
thata, = a¢ R forsome pe{l,...,n}, then there exists ve Hsuch that vav'=a.
Moreover we can take v to have modulus 1 so that ,-1 = |, . We then consider WAW",
where W is the unitary diagonal matrix having v as its pth diagonal entry,and 1 as
its other diagonal entries. We see that tr (WBW) = tr (B) - a + vav!=tr (B),
which is a contradiction. Therefore all diagonal entries of A are real.
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Corollary 6. Let 4e M (H).If for every Ue U ,we have tr (A) = tr (UAU"), then
tr (4) € R.

Zhang (1997) has identified the following as Theorems 6.1 and 6.2.

Theorem 7. Let Ae M (H).There exists Ve U such that V4V is upper triangular.
If A is upper triangular, then every diagonal entry of 4 is an eigenvalue of 4.
Conversely, every eigenvalue of 4 is similar to a diagonal entry of 4.

Theorem 8. Let 4e M (H)and A € o(4). There exists a unitary U such that UAU* is
upper triangular and A is a diagonal entry of U4U*.

Proof. Let 4e M (H) and A € 6 (4). By Theorem 7,there exists V', € U, such that
B=rAV = [bﬁ] is upper triangular,and there exists an index p such that the pth
diagonal entry of B is similar to A, say A=vb v''. Note also that we may assume
without loss of generality that v has modulus 1. Let V, =1, , ®vI, ® I  and
observethat V, e U, C= V2V1A(V2Vl)’1 is upper triangular such that the pth
diagonal entry of Cis 4 , as desired.

Corollary 9. Let Ae M (H).If tr (A) = tr (UAU") forevery Ue U , then o (4) cR.

Proof. Let Ae M (H)and A € o(4). Suppose tr (A) = tr(UAU") foreveryUe U . Let I/
€ U suchthat B= VA4V isuppertriangular and A is a diagonal entry of B.Then for
every Ue U _, we have tr (B) = tr(UBU"). Hence, by Proposition 5, B has real
diagonal entries,and so o (4) c R.

The converses of Corollary 6 and of Corollary 9 are not always true. Take 4 = [1/ j
then 42 =0 and so there exist a unitary Uand » > 0 such that UAU'~bE , (Merino
and Sergeichuk 1999, Theorem 5). Note that bE , is a matrix having real diagonal
entries and real eigenvalues but tr(bE ) = 0 # 2i = tr (4).

We now look into the converse of Corollary 4. We first prove the following lemma.

Lemma 10. Foreachae Rand Ue U, ,we have tr(aE,) = tr(U(aE,) U') for each
1<r<n.

Proof. Let a € R, let U=[us Je U andlet 1 <r<n.Then U*U =1 implies that

2w, u, =X u,u, =1 Onecomputesthat » (U (aE U ") =Z" u,

— n —
au, =aX'_u,u, = a.
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If D =diag (d,.d,.....dn), then D = Zi":ldiE”. Thus, the following holds by
Lemma 10.

Corollary 11. For each diagonal D € M, (R) and U € U , we have that tr(D)=tr(UDU").

Lemma 12. Let 0 # Ae M (H) be nilpotent. Then there exists Te U such that
tr(TAT?) is nonzero.

Proof. Let 0# Ae M, (H) be nilpotent. Let such Ve U that VAV is upper triangular.
Since Ais nilpotent, the diagonal entries of VAV'are all 0.Since A= 0,VAV'hasa
nonzero (s,t) entry for some s <t. Write the (s,t) nonzero entry of VAV'asb=b, +
b,i+b_j+bk. We show that there exists a unitary T such that tr(TAT™) is nonzero
for the case when b, # 0. Similar arguments can be used to show that a similar
conclusion holds if b,or b, is nonzero. Take

I, 0 0 0 ©
0 k 0 1 0
X = i 0 o I,. O 0 1)
\/5 t-1-s
0 1 0 k 0
0 0 0 0 I,,
which gives us
I, O 0 0 0
1 0 -k O 1 0
X "% 0 0 I, 0 | (2).
0 1 0 -k O
0

One computes that tr(XVA(XV)*) = -(b,i-b, j) which is nonzero when b, is nonzero.
Now, assume that b, # 0 and b, =b, =b, = 0. Without loss of generality, we
assume that b, is positive,since otherwise, we consider -VAV™. Recall that there is

i j 0 b
a nonsingular X, such that Xl’l[ j ”xl :{ Ol}for some positive b. Let

0
I, 0 0 0 0
Xy X, 0 X4 0 x, O
Xy = andlet X={ 0 0 I,, 0 0
X21 X22
0 Xy 0 Xy, O
0 0 0 0 |
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One computes that tr(XVA(XV)?) = 2i, which is nonzero. For all the cases, we take
T =XV as the desired unitary matrix.

Theorem 13. Let Ae M (H). Then tr(A) = tr(UAU™) for every unitary U if and only
if Ais Hermitian.

Proof. Sufficiency is already proved in Corollary 4. For the forward implication we
consider U e U suchthat B =UAU" is upper triangular. By Corollary 9, B has real
diagonal entries. Now, suppose A is not Hermitian. Then we can write B=D + N
where D is a real diagonal matrix, tr(D)= tr(B)=tr(A), and N is a strictly upper
triangular nonzero nilpotent matrix. Lemma 12 guarantees that there exists a unitary
T such that TNT*has nonzero trace. But tr(TDT*)=tr(D) by Corollary 11, and so
we get 0=tr(B)-tr(D)=tr(TBT?)-tr(TDT*)=tr(TNT™) # 0, which is a contradiction.
Hence A is Hermitian.

We then ask if Ae M (H) being Hermitian is sufficient for the trace to be invariant
under similarity in general. One observes that the answer to the preceding is yes

for the case when n = 1. However,if n>1, A= [fl ('J ®0,,,and P = Liik) ‘gk}
o K

@® 1, , then Ais Hermitian,P is nonsingular with P = {(Hk) _21}69 1. ,.Now,

tr (A) = 0 (110) but tr(PAP!) = j. 2 2

Theorem 14 Let Ae M (H). Then A'is a real scalar matrix if and only if tr(A)=tr(PAP™) for

all nonsingular matrix Pe M (H).

Proof. If Aiis a real scalar matrix, then AB = BA for every be M (H). Thus tr(PAP)
= tr(PP'A) = trA. Conversely, suppose that tr(A) = tr(PAP) for all nonsingular
matrix Pe M (H). By Theorem 13, A is Hermitian. Suppose A is not a diagonal
matrix. Let the (s,t) entry of A be nonzero for s #t and write that nonzero entry as
a+bi+cj+dk. Since Ais Hermitian, the (t,s) entry of A is a-bi-cj-dk. Take a permutation
matrix T such that TAT! = TAT* has its (1,2) entry equal to a+bi+cj+dk. Since TAT*
is also Hermitian, its (2,1) entry is a-bi-cj-dk and its first and second diagonal

entries are real, which we denote as e and f, respectively. Let S = [fj ; @1l,.,.

One computes that the 2-by-2 leading principal submatrix of STA(ST)! is

3aj +3bk +¢c—3di +2e— f 2a+ 2bi + 2dk —¢j + fj 3)
5a—5bi —3cj —5dk —2ej+2ff] —3aj+3bk —c—-3di—e+2f
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and that the other diagonal entries of TAT* are unchanged. If STA(ST)! is not
Hermitian, then, by Theorem 13, there exists U € U _such that tr(USTA(UST)"* #
tr(STA(ST)*=tr(A), which is a contradiction. Hence STA(ST)? is Hermitian. From
the 2-by-2 leading principal submatrix of STA(ST)?, we see that 2a+ 2bi
+2dk —ej + fj = 5a — 5bi — 3cj — 5dk — 2¢j + 2 fj and so a=b=d=0. To conclude
1 i
-0 2
RTA(RT)™*. This is a contradiction since a+bi+cj+dk is nonzero. Hence A is a

that ¢ =0, we take R = { }@ I, , and use similar arguments on

diagonal matrix. To show that A is a scalar matrix, we suppose without loss of
generality that its 2-by-2 leading principal submatrix is diag (e,f) where eand f
are real and distinct. Let S = fli ;} ® |, ,. Then SAS* has its 2-by-2 leading

principal submatrix equal to [;(ef’f) i“’zef)] If SAS? is not Hermitian, there exists
i(f-e) —e+

unitary U such that tr(USA(US)* = tr(SAS?, which is a contradiction. Hence, SAStis

2e—f  i(f-e)

2i(1—¢) —e+2f} is Hermitian. Thus i(f -e) = 2i(f —e), which

Hermitian, and so[

is a contradiction. Thus, all the diagonal entries of A are real and equal, that is, A
is areal scalar matrix.

Corollary 15. Let Ae M (H). Then AB = BA (127) for every be M (H) if and only if
A=rl (127) wherer e R.
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