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Abstract

The main purpose of this study was
to investigate how well certain students in a
university high school solve non-routine
problems. These problem situations required
the use of their conceptual understanding of
mathematics and their procedural knowledge
of the algorithm involved in the solution.
Results of analysis of students’ solutions
showed that each student employed at least
four problem-solving strategies. Seven out of
the eight possible problem solving strategies
were used at least once to solve the twelve
non-routine problems. When given the
opportunity to use any problem solving
strategy, the students solved non-routine
problems even without prior instruction. The
most frequently used strategy was “Making a
Model or Diagram.” After evaluating the
students’ problem solving skills using the
Oregon Mathematics Problem Solving Rubric,
results showed that of the five students,
three had proficient level of conceptual
understanding and procedural knowledge,
one was a transitional problem solver from
apprentice to proficient level of performance,
and one was an apprentice problem solver.
Those who performed well were also
proficient in the use of solution strategies
whereas the transitional problem solvers
were either novice to apprentice or
apprentice to proficient in their use of
solution strategies.
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Introduction

The results of the National Achieve-
ment Test (NAT) conducted among
secondary students in a university high
school in the academic year 2009-2010
showed a low performance with a mean
percentage score of only 60.24 in the
Mathematics sub-test. Since most of the
items in the sub-test are application
problems, this reveals the weak problem
solving skills of the students. Considering
that these students belong to the high ability
group in terms of rank in the entrance
examination, this low performance in NAT is
very alarming. An investigation about their
problem solving abilities was therefore,
deemed necessary.

Problem solving is regarded as one
of the primary skills that students must take
with them when they leave the classrooms
and enter the real world (Krulik and Rudnick
1996). Aside from developing the critical and
analytical thinking skills of the students, it
promotes conceptual understanding and
meaningful learning in mathematics. Limjap
(1996) reported that as students are given
the opportunity to reflect on their
experiences when they confront problem
situations, they learn to construct their own
ways of reasoning in mathematics. She
further added that the students come to
understand their own learning process and
are able to deal with problem situations
which facilitate their understanding of the
mathematics concepts. However, math
problems may be classified either as routine
problems that directly apply formulas learned
in class or non-routine problems that require
the application of various mathematical
concepts. Non-routine problems help develop
critical and creative thinking among students.
For Candelaria and Limjap (2002), the
development of critical thinking skills essen-
tial for problem solving does not necessarily
require direct instruction. Students may
acquire the skill as they interact with their
environment in the school and at home, thus
honing their creative skills as well.

Problem Solving Heuristics

According to Candelaria and Limjap
(2002), a problem solving process is referred
to as a heuristic. For Polya (1945), problem
solving heuristics are not clear-cut rules in
coming up with the correct answers, rather
they are possible solutions for certain
problems. Polya (1957) states that successful
problem solving involves four steps:
a) understanding the problem; b) selecting
strategy; c) solving the problem; and
d) looking back. Students may demonstrate
problem solving strategies with clear and
good reasoning that leads to a successful
resolution of the problem. Krulik and Rudnick
(1996) identified eight strategies (along with
their definitions) that are applicable to
mathematical problem solving at the
secondary level, namely:

1. Computing or Simplifying (CS) includes
straightforward application of arithmetic
rules, order of operations, and other
procedures.

2. Using a Formula (F) involves substituting
values into a formula or selecting the
proper formula to use.

3. Making a Model or Diagram (MD)
includes use of objects, drawings, acting
out, or writing an equation.

4, Making a Table, Chart, or List (TCL)
involves organizing the data by making a
table, chart, graph, or list.

5. Guessing, Checking, and Revising (GCR)
involve making a reasonable guess,
checking the guess, and revising the
guess, if necessary.

6. Considering a Simpler Case (SC) includes
rewording the problem, using smaller
numbers, using a more familiar problem
setting, dividing the problem into simpler
problems, or working backwards.

7. Eliminating (E) involves eliminating
possible solutions based on information
presented in the problem or elimination
of incorrect answers.



8. Looking for Patterns (LP) involves
determining certain common character-
ristics that can be generalized and used
to solve the problem.

It should be noted that problem
solving requires the use of many skills, often
in certain combinations, before the problem
is solved. Strategies used to solve problems
are not explicitly taught by teachers.
Circumstantial evidence has suggested that
the range of heuristics taught by the
teachers are usually limited and the types of
problems given in class are usually those
found in the textbooks, referred to as routine
problems. Students in this study are taught
the use of diagram/model heuristics as well
as common heuristics like guess and check,
listing and working backwards.

In order to enhance the problem
solving skills of students, teachers can
expose them to unfamiliar problematic
situations that challenge their heuristics.
This can be accomplished using non-routine
problems.

Non-routine problems provide a large
room for varied solutions, strategies, and
approaches in problem solving. Also, they
provide students with a realistic situation in
which they will be using higher order
thinking skills such as application, synthesis
and creation.

A student’s understanding of non-
routine problems described by the Oregon
Department of Education (1991) consists of
the following:

a) Conceptual Understanding
includes the ability to interpret the problem
and select appropriate concepts and
information to apply a strategy for solution.
Evidence is communicated through making
connections between the problem situation,
relevant information, appropriate
mathematical concepts, and logical/
reasonable responses.
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b) Procedural knowledge deals with
the student's ability to demonstrate
appropriate use of algorithms. Evidence
includes the verifying and justifying of a
procedure using concrete models, or the
modifying of procedures to deal with factors
inherent to the problem.

¢) Problem Solving Skills and
Strategies includes clearly focused good
reasoning and insightful thinking that leads
to a successful resolution of the problem.

Conceptual understanding is
manifested by an integrated and functional
grasp of mathematical ideas. Students with
conceptual understanding know more than
isolated facts and methods. They understand
the importance of a mathematical idea and
how it is applied in certain situations. They
have organized their knowledge into a
coherent whole, enabling them to see the
connections of new ideas with what they
already know.

Students who have conceptual
understanding of mathematical ideas retain
those ideas because of the relationships and
connections involved. Hence, they find it
easy to reconstruct the ideas that they
forget. Those who understand only the
method oftentimes remember it incorrectly.
Those who understand the concept monitor
what they remember and try to figure out if
it makes sense. They may attempt to explain
the method to themselves and correct it if
necessary. Evidence of conceptual under-
standing is found in the student’s ability to
verbalize connections among concepts and
representations. However, conceptual under-
standing does not need to be explicit since
most students understand before they can
verbalize that understanding.

Devlin (2007) defined conceptual
understanding as "the comprehension of
mathematical concepts, operations, and
relations," which elaborates the question but
does not really answer it. He believed that,
an important component of mathematics
education, is achieving conceptual under-
standing. He noted that many mathematical
concepts can be understood only after the
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learner has acquired procedural skill in using
the concept. In such cases, learning can take
place only by first learning to follow symbolic
rules, with understanding emerging later,
sometimes considerably later. Devlin (2007)
also agreed with practically everyone that
procedural skills not eventually accompanied
by some form of understanding are brittle
and easily lost. He also believed that the
need for rule-based skill acquisition before
conceptual understanding can develop is in
fact the norm for more advanced parts of
Mathematics (Calculus and beyond), and he
was not convinced on the idea that it is
possible to proceed otherwise in all of the
more elementary parts of the subject.

Ben-Hur (2006) defined procedural
knowledge as knowledge of formal language
or symbolic representations. It involves the
ability to solve problems through the
manipulation of mathematical skills with the
help of pencil and paper, calculator,
computer, and so forth. In an article by
G. Wiesen (2003), procedural knowledge is
defined as the type of knowledge someone
has and demonstrates through the procedure
of doing something.

Problem solving skills and strategies
consist of a utilization of the appropriate
basic thinking skills and higher order thinking
skills needed to solve the problem. This
includes flexibility in the choice of the
strategy to be employed, openness to try
different strategies and self regulation while
solving the problem. Since students with this
skill are clearly focused on the resolution of
the problem, they can recognize the
accuracy and reasonableness of the answer.

Purpose of the Study

This study was conducted to investi-
gate the problem solving strategies of five
(5) third year students of a university high
school. It aimed to answer the following
questions:

1. What is the level of performance of the
students on non-routine problems in
terms of the following:

a. Conceptual Understanding?
b. Procedural Knowledge?
c. Problem Solving Skills and Strategies?

2. What problem solving strategies do
students belonging to the same level of
performance use in solving non-routine
problems?

Methodology

This research utilized the descriptive
research design to examine and classify the
problem solving strategies of high school
students in solving non-routine problems.

The study was conducted in a
university high school. Five (5) participants,
3 males and 2 females were chosen among
the 124 third year students of the school.
They were randomly chosen from all sections
of Math classes in the third year level.

Twelve non-routine problems from
the sourcebook of Krulik and Rudnick (1996)
were used to determine the different
strategies of the students. The questions and
evaluation criteria were validated by three
university professors and two public school
teachers. The profiles of the students were
collected. The Oregon Mathematics Problem
Solving Rubrics, (Oregon Department of
Education 1991) were used to evaluate
students’ conceptual understanding,
procedural knowledge and problem solving
strategies and skills. The problem solving
performance of the students were classified
as “proficient”, “apprentice”, and
“novice” (tables 1 to 3).

Full Conceptual Understanding is
characterized by the ability of the students to
recognize the essence of the problem. They
can see the relations of the given information
and represent those relations mathemati-
cally. They are able to recognize the
appropriateness of the answers that they
obtained. Different levels of conceptual
understanding are classified in table 1.
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TABLE 1 Classification of the different levels of conceptual understanding

Full Conceptual
Understanding (Proficient)

Partial Conceptual
Understanding (Apprentice)

Lack of Conceptual
Understanding (Novice)

The student uses all
relevant information to
solve the problem.

The student extracts the
“essence” of the problem, but is
unable to use this information to
solve the problem.

The student's solution is
inconsistent or unrelated to the
question.

The student is able to
translate the problem into
appropriate mathematical
language.

The student is only partially able
to make connections between/
among the concepts.

The student translates the
problem into inappropriate
mathematical concepts.

The student's answer is
consistent with the
question/problem.

The student's solution is not fully
related to the question.

The student uses incorrect
procedures without understand-
ing the concepts related to the
task.

The student understands one
portion of the task, but not the
complete task.

Aside from representing the problem mathematically, students should be able to employ
the appropriate steps and procedures in the solution of the problem. Correct algorithm is
needed to arrive at the precise answer as indicated in table 2.

TABLE 2 Classification of the use of procedural knowledge

Full Use of Appropriate
Procedures (Proficient)

Partial Use of Appropriate
Procedures (Apprentice)

Lacks Use of Appropriate
Procedures (Novice)

The student uses principles
efficiently while justifying the
solutions.

The student is not precise in
using mathematical terms,
principles, or procedures.

The student uses unsuitable
methods or simple manipula-
tion of data in his/her
attempted solution.

The student uses appropriate
mathematical terms and
strategies.

The student is unable to carry
out a procedure completely.

The student fails to eliminate
unsuitable methods or
solutions.

The student solves and verifies

the problem.

The process the student uses
to verify the solution is
incorrect.

The student misuses principles
or translates the problem into
inappropriate procedures.

The student uses mathemati-
cal principles and language
precisely.

The student fails to verify the
solution.

To evaluate the over-all problem solving performance of the students for the 12
problems, a point system was used: 5 points for Proficient, 3 points for Apprentice, and 1 point
for Novice. A score of 2 was assigned to work that exceeded criteria for a score of 1, but did not
meet criteria for a score of 3. Similarly, a score of 4 was assigned to work that exceeded criteria
for a score of 3, but did not meet criteria for a score of 5.
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Problem Solving Skills and Strategies are categorized into three (Oregon Department of

Education 1991):

TABLE 3 Classification of problem solving skills and strategies

Thorough/Insightful Use of
Skills/Strategies (Proficient)

Partial Use of Skills/Strategies
(Apprentice)

Limited Skills/Strategies (Novice)

The skills and strategies
show some evidence of
insightful thinking to
explore the problem.

The skills and strategies have
some focus, but clarity is
limited.

The skills and strategies lack a
central focus and the details are
sketchy or nor present.

The student's work is clear
and focused.

The student applies a strategy
which is only partially useful.

The procedures are not recorded
(i.e., only the solution is
present).

The skills/strategies are
appropriate and
demonstrate some
insightful thinking.

The student starts the problem
appropriately, but changes to an
incorrect focus.

Strategies are random. The
student does not fully explore
the problem and look for
concepts, patterns or
relationships.

The student gives possible
extensions or generaliza-

The student recognizes the
pattern or relationship, but

The student fails to see
alternative solutions that the

tions to the solution or the problem requires.

problem.

expands it incorrectly.

The students’ problem solving schema is characterized by their ability to demonstrate
deep thinking about the problem. Students should be able to recognize the relationships of the
given data and employ the appropriate strategy.

Results and Discussion

Results of this study are presented and discussed in two parts. The first part consists of
sample problem solutions actually given by the students that exhibit their different levels of
performance in terms of conceptual understanding, procedural knowledge, and problem solving
skills and strategies. The second part consists of the evaluation of the levels of performance of
the five participants of the study.

Problem Solutions that Exhibit Conceptual Understanding

Proficient. To be proficient in conceptual understanding, the student must have used all
relevant information to solve the problem. That is, the student’s answer is consistent with the
question or problem and the student is able to translate the problem into appropriate
mathematical language.

The work of Student D in problem number 2 illustrates this as shown in figure 1.
Student D thoroughly investigated the situation and was able to use all applicable information
related to problem number 2, like listing the equivalent points for correct, wrong and no
answer. Moreover, she tested if the numbers would satisfy the condition. Finally, she came up
with the correct greatest possible number of questions the boy had answered correctly in a
quiz.
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A Mathematics quiz consists of 20 multiple-choice questions. A correct answer is awarded 5 marks
and 2 marks are deducted for a wrong answer while no mark is awarded or deducted for each
question left unanswered. If a boy scores 48 marks in the quiz, what is the greatest possible
number of questions he answered correctly?

Explain how you work it out.

Correct answer: 5 pis.
Wiong answer : -9 pfs.
o onswer 1
b Quiz consists oF 20 wmotipie-choice questions- & The qreciest poscibie vaore por
his corTect answers and algo e closest at | tnowght of is B0 \p 50 comespond +o
0 correct ancwers, and his scot is 49 , e i€ deducted 2 PR Erom s g scoee. 2 pis.
deduction corresponde 40 | wrong answez. The rest o 4hne questions () is \ept wnanewered .
) vested anotner number. 1p B the nomber OF his correct answees is 12,0 his
sore 1s €0 . T subtracked 48 fom 4he number 4o qet 12 . A deducfion op 12 points
corresponde  fo : ‘
P = © wrong onswenrs. The rect OF the questions (2). is \ept ynanawened.
| tned @wother numbery s but dhe resutt shows 4hat 12 is 4pe apPctast posvie
questione he answered correctty.

PAERN

Fig. 1. Student D’s solution to problem number 2.

Apprentice. An apprentice in conceptual understanding is one who extracts the essence
of the problem, but is unable to use this information to solve the problem. It could be that the
student is only partially able to make connections between or among the concepts; the
student’s solution is not fully related to the question; or the student understands one portion of
the task, but not the complete task.

The work of Student E in problem 6 illustrates an apprentice understanding of concepts.
Student E seemed to understand one portion of the problem, but not the complete task as
revealed in her solution. Student E failed to analyze properly the question: How many actual
hours elapsed during the interval the watch shows 12 noon to 12 midnight? She forgot to add
12 and 3 that will result to the correct answer which is 15 hours. She even added another 15
minutes to 3 hours without noticing that she was already on the 12 hour.

A watch is stopped for 15 minutes every hour on the hour. How many actual hours elapsed during
the interval the watch shows 12 noon to 12 midnight? Explain how you work it out.
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Fig. 2. Student E's solution to problem number 6.
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student

translates the problem into inappropriate mathematical concepts or the student uses incorrect

Movice. If a student’s solution is inconsistent or unrelated to the question, then the

is rated as novice in conceptual understanding. This means that the student

procedures without understanding the concepts related to the task.

Figure 3 shows how Student B used incorrect procedures. His mathematical statements like
34464 = 120 show his lack of skill in basic mathematical operations. All other statements were

not derived from correct analysis of the given information.

A man buys 3-cent stamps and 6-cent stamps, 120 in all. He pays for them with & P5.00 bill and
receives 75 cents in change. Does he receive the corfect change? Justify your answer.
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N
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N

Fig.

3. Student B’s solution to problem number 7.

Problem Solutions that Exhibit Procedural Knowledge

Proficient. Students who use the mathematical principles and language correctly to solve

the problems are classified as proficient in procedural knowledge. Figure 4 illustrates the
proficient work of Student A in problem 6. He used appropriate mathematical terms and
strategies. He efficiently solved the problem with a good analysis of the given information.

Grrateqy w/ Gelvkton

A watch is stopped for 15 minutes every hour on the hour. How many actual hours elapsed during
the interval the watch shows 12 noon to 12 midnight? Explain how you work it out.
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4. Student A’s solution to problem number 6.
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Apprentice. A student who is unable to carry out a procedure completely or incorrectly
verifies the solution is said to have an apprentice procedural knowledge.

Figure 5 illustrates the work of Student B in problem 6 assessed as apprentice. The

inadequacy of Student B's solution is very evident. He failed to realize that the product of 42
and 42 was incorrect as shown in his solution.

A man born in the eighteenth century was x years old in the year x2. How old was he in 1776? How

did you come up with your answer?
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Fig. 5. Student B’s solution to problem number 5.

Movice. Students who fail to apply the appropriate procedure, use unsuitable methods
or simple manipulation of data in their attempted solution are rated as novice in procedural
knowledge. The work of Student A in problem number 1 illustrates this. Student A failed to
verify his solution as shown in figure 6. His difference of 150 and 88 is 42 instead of 62.

Everything else was wrong after that careless mistake.

particular car park is only allowed for cars and motorcycles. A count
hows that there are 45 vehicles and 150 wheels in this car park when it Is full. How many

notorcycles are there when the car park is full? What strategy did you use?
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Fig. 6. Student A’s solution to problem number 1.
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Problem Solutions that Exhibit Problem Solving Strategies

Problem solving requires the use of many skills, often in certain combinations, before
the problem is solved. Students demonstrate problem solving strategies with clearly focused
solution and good reasoning that lead to a successful resolution of the problem.

Proficient. A proficient rating in problem solving skills and strategies shows evidence of
insightful thinking to explore the problem. Some evidences include a clear and focused work,
appropriate skills and strategies, extensions and generalizations to the solution of the problem.

The work of Student D in problem number 3 illustrates this. Student D’s insightful think-
ing to explore the problem was evident. Her good reasoning skills were further demonstrated in
her solution as shown in figure 7. She has a clear and focused work when she had a table/list of
team members and considered the conditions on each of them.

The caach of the ternis teamn was hawving problems: selecting his team members. He had 1o choose
four players, bwo men and bwo women from the sic who had tried out. Personal feslings were
making it difficult for him.
1. Paul said, "I1 play only if Sarah plays.”
2. Sarah said, 1 wonX play if Erc is on the team.™
3. Eric sakd, "I wont play i Dawvid or Linda is chosen.™
4, David said, "I play cnby B Aoy plays. ™
S. fumvy had o likes oF dislikes. ™ Since Sy read ne 9 gr SHSVKES - e amn e Cinogon
Who will e sedected by the coach? How can you say so?
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Sarmahn il Alse be  Chogan . e SorTn s chosen, T WO et daleon Snce SPONCn meorit plons T
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Dand and and Ueda cannct play - = ENc will plogs . Sowmn and Bl wonk - L
b my Srd 4y, IF paul el play. Jarain wil aise ploy - narak will ploy, Bric mont.
k Eric wornt play , crther Dovic or linda can be choren - | ghost Pavicl ames #he  coockn
heedicd 2 men. Ay waill P lowy -

Fig. 7. Student D’s solution to problem number 3.

Apprentice. An apprentice in problem solving skills and strategies is one whose skills
and strategies have some focus, but clarity is limited. A student shows routine or partial use of
skills and strategies if the student applies a strategy which is only partially useful; the student’s
strategy is not fully executed; the student starts the problem appropriately, but changes to an
incorrect focus; or the student recognizes the pattern or relationship, but proceeds incorrectly.

The work of Student B in problem number 10 illustrates this as shown in figure 8.
Student B had some focus on the problem since he knew that the sum must be exactly 150. He
had a strategy that was partially useful and possible source of partially correct answer. Student
B failed to exhaust the number of 13’s in 150.
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A dartboard has sections labeled 2, 3, 5, 11, and 13. Patti scored exactly 150. What is the minimum

number of darts she might hawve thrown? How did vou get your answer?
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Fig. 8. Student B's solution to problem number 10.

Novice. If the skills and strategies lack a central focus and the details are sketchy and
not present, then the student is rated as novice in problem solving strategies. Limited evidence
of skills and strategies include unrecorded procedures, random strategies, and failure to see

patterns, relationships and alternative solutions.

The work of student D in problem number 9 illustrates this. Student D failed to see
alternative solutions that the problem required. She did not fully explore the problem nor look

for concepts, patterns or relationships as shown in figure 9.

Lucille makes copper bracelets to sell at the local crafts show. Each bracelet requires a rectangular
strip of hammered copper that Is 5"X77. She buys rectangular sheets of copper that measure
21"X24". What is the maximum number of bracelets she can get from a single sheet of copper? How

did you arrive at your answer?

The maxitnden nu eeR oF brocelttS dhe cows aet T1OM o sngle

Shrveet 0 coppeR s 2
(57< “)n = 15w 21"

She con WIE b mnaaOmwm OF B loreaceledt Wit

“he reasvre o \‘5 q)( A v =
=

Fig. 9. Student D’s solution to problem number 9.

Components of Problem Solving

The mean scores for each of the components shown in table 4 were used to assess the

students’ level of performance.

Three of the five students were proficient problem solvers. They were Student A, C and
E. They all got an average score of greater than four while Student D was an intermediate
problem solver between apprentice and proficient levels who got an average score of 4. Only
Student B who got an average score of 3.1 was found out to be an apprentice problem solver.
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TABLE 4 Mean Scores obtained by the students in the three components of problem solving

Students Components Mean Score on Average Level of
Twelve Problems Performance
Conceptual Understanding 4.5
A Procedural Knowledge 4.4 44 Proficient
Problem Solving Skills and 4.2
Strategies
Conceptual Understanding 3.3
B Procedural Knowledge 3.2 31 Apprentice
Problem Solving Skills and 2.8
Strategies
Conceptual Understanding 4.6
C Procedural Knowledge 4.6 46 Proficient
Problem Solving Skills and 4.7
Strategies
Conceptual Understanding 4.1
Procedural Knowledge 4.0 Apprentice/
D 4.0 Proficient
Problem Solving Skills and 4.0
Strategies
Conceptual Understanding 4.3
E Procedural Knowledge 4.3 43 Proficient
Problem Solving Skills and 4.3
Strategies
Scale 4.2-5.0 Proficient
34-4.1 Apprentice/Proficient
2.6 -3.3 Apprentice
1.8-2.5 Novice/Apprentice
1.0-1.7 Novice

Table 5 shows the different strategies employed by the students in twelve non-routine
problems. As can be seen from the table, some of the problems were solved using a combina-
tion of two or three strategies. Each student employed at least four problem solving strategies
on the twelve non-routine problems.

Seven out of the eight problem solving strategies were used at least once to solve the
twelve non-routine problems, “"Making a Model or Diagram” being the most frequently used
strategy.

Student A utilized “Making a Model or Diagram” (MD) by drawing diagrams or sketching
figures in eight problems with a combination of “"Make a Table, Chart, or List” (TCL), “Consider a
Simple Case” (SC), Eliminate (E), Compute or Simplify (CS), and “Guess, Check and Revise”
(GCR).
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There were also cases when students used the same strategy on one problem but at
different approaches. Student B, Student C, Student D and Student E employed TCL in problem
number 6 but as shown in their worksheets, there were slight differences in the way they used
the strategy. There were three out of the twelve problems that were approached using three
different strategies. These are problems 8, 9, and 10. Only Student B and Student D used
different strategies in problem number 3 while the rest used the same strategy which is
Consider a Simple Case” (SC).

TABLE 5 Summary of the strategies employed by the students in twelve non-routine problems

Student
Problem
A B C D E
1 GCR/MD GCR/MD GCR GCR MD
2 GCR/E GCR MD/GCR GCR GCR
3 SC MD SC TCL/GCR SC
4 SC/MD TCL/MD SC TCL/MD CS
5 GCR/CS GCR/CS GCR/CS CS MD
6 F/SC TCL TCL TCL TCL
7 MD/GCR CS MD GCR MD
8 MD/GCR MD/GCR/TCL MD/GCR GCR GCR
9 MD/CS MD/TCL/CS MD/CS CS MD/TCL
10 MD/TCL TCL/MD MD/CS SC MD/TCL/CS
11 GCR/MD MD/GCR MD/SC SC MD/SC
12 MD/GCR GCR MD/GCR GCR/ TCL GCR/MD
Legend:

CS — Compute or Simplify GCR - Guess, Check, and Revise E — Eliminate

SC — Consider a Simple Case F — Use a Formula LP — Look for Patterns

MD — Make a Model TCL — Make a Table, Chart, or List

Compute or Simplify (CS) — includes straightforward application of arithmetic rules or order of
operations

Student E used CS in problem number 4 as shown in her solution (“fig. 10”), she simply
added 15 and 3 and obtained 18 by which these amounts are borrowed from Ruby by Agua and
Gelay, respectively.
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Use a Formula (F)

to use.

Agua loaned P7 to Bendita. Agua borrowed P15 from Ruby and P32 from Gelay. Moreover, Gelay
owes P3 to Ruby and P7 to Bendita. One day the girls decided to get together to sort out their
accounts. Which girl left with P18 more than she came with? Show all your workings and explain It.
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Fig. 10. Student E’s solution to problem number 4.

— involves substituting values into a formula or selecting the proper formula

Among the five students, only Student A used F. He employed F in problem number 6
as shown in his solution (“fig. 11”). He converted hours to minutes using the conversion

1hr = 60 min.

A watch is stopped for 15 minutes every hour on the hour. How many actual hours elapsed during
the interval the watch shows 12 noon to 12 midnight? Explain how you work it out.
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Fig. 11. Student A’s solution to problem number 6.
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Make a Model or Diagram (MD) — includes use of objects, drawings or sketches, acting out,
writing an equation.

Student E used MD seven times. In problem number 1, she wrote an equation repre-
senting the number of vehicles and wheels. She also used the variable x and y to represent the
number of cars and motorcycles respectively. As seen in her solution (“fig. 12"), she was able to
set up a system of linear equations in two variables in order to get the number of motorcycles.
She used algebraic skills to solve the system.

A particular Gar park: I cnly allowed for cars and motoncycles. A count
shiows that Khere Ane 45 vehicles and 150 wheals in this Car park whven It i full. How maimy
matorcydes are Hene when the car park & full? What strategy did you use?
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Fig. 12. Student E’s solution to problem number 1.

She used MD together with "Make a Table, Chart, or List” (TCL), and Compute or
Simplify (CS) strategy to solve problem number 9. She first drew a table representing
rectangular strip of copper. She divided the length with the given measure of 7 and the
width by 5 (“fig. 13"). She used her drawing and straightforward application of arithmetic
rules to figure out the number of bracelets she can get from a single sheet of copper.
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She used MD together with “"Make a Table, Chart, or List” (TCL), and Compute or
Simplify (CS) strategy to solve problem number 9. She first drew a table representing rectangu-
lar strip of copper. She divided the length with the given measure of 7 and the width by 5
(“fig. 13"). She used her drawing and straightforward application of arithmetic rules to figure
out the number of bracelets she can get from a single sheet of copper.

Lucilie makes copper bracelets to sefl at the local erafts show. Each bracelet requires a rectangular
strip of hammered copper that is 5"X7”. She buys rectangular sheets of copper that measure
217X24", What Is the maximum number of bracelets she can get from a single sheet of copper? How
did you arrive at your answer?
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Fig. 13. Student E’s solution to problem number 9.

In problem number 10, in order to visualize the problem, she drew a figure which
represented a dartboard and numbered them 2, 3, 5, 11, and 13 (“fig. 14").

A dartboard has sections labeled 2, 3, 5, 11, and 13. Patti scored exactly 150. What is the minimum
number of darts she might have thrown? How did you get your answer?
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Fig. 14. Student E’s solution to problem number 10.
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Like what she did in problem number 1, she wrote an equation and computed for the
answer backwards in problem number 11 (“fig. 15").

A man spent 1/3 of his money and then lost 2/3 of the remainder. He was left with P11. How much
did he start with? How did you come up with your answer?

/ZJ%V“//(;) ( eompatz) ooy o fi
gy Qnswus bsele vinrds.
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2
( 3) Lyz 1)
y= 1

Fig. 15. Student E’s solution to problem number 11.

Both Student C and Student E utilized MD on exactly the same problem, problem
number 7. They both used system of linear equations in two variables to solve the problem.
Student C employed substitution method while Student E used elimination method to solve the
system (“fig. 16").
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Fig. 16. Student C's and student E's solutions to problem number 7.
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Make a Table, Chart, or List (TCL) — organizing the data by making a table, chart, graph, or
list.

In problem number 6 four students utilized TCL to solve the problem (“fig. 17-20"). All
were able to construct a table to organize their solution. As shown on their workings, they
were able to make two columns that show their interpretation of the problem.

A watch is stopped for 15 minutes every hour on the hour. How many actual hours elapsed during
the interval the watch shows 12 noon to 12 midnight? Explain how you work it out.
ad Weh i
1900 1 (a 100 - -
W (5 hours and (5 m ¢ (
L 00 e
~60
230 L wal 1
T we Japulate He AT Fime
: and he hime  Shown
74 700 M e werch
/00 % A0
T
505 400
ﬂ%ﬂuuo -
745 {00
\ﬂ-
(o 700 100
TS g 00
1) 3% 101@
M 00 2200
Loae W e 1700
P 160 [
Fig. 17. Student C’s solution to problem number 6.
A watch Is stopped for 15 minutes every hour on the hour. How many actual hours elapsed during
the interval the watch shows 12 noon to 12 midnight? Explain how you work it out.
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Fig. 18. Student B’s solution to problem number 6.
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Fig. 19. Student D’s solution to problem number 6.
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Fig. 20. Student E’s solution to problem number 6.
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Only Student A did not use TCL. Instead, he used a Formula (F) and a Simpler Case
(SC) strategy to get the actual number of hours (“fig. 21").
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Fig. 21. Student A’s solution to problem number 6.

Guess, Check and Revise (GCR) — making a reasonable guess, checking the guess, and revising
the guess if necessary.

All the students utilized GCR in most of the problems. Student D used GCR in problem

numbers 1, 2, 7, and 8. It was very evident that she did not use any strategy except GCR as
seen in her worksheets (“fig. 22-25").

A particular car park is only allowed for cars and motorcycles. A count
shows that there are 45 vehicles and 150 wheels in this car park when it is full. How many
motorcycles are there when the car park Is full? What strategy did you use?
Gven: 45 vehides Loanc/ motoreyetes)
150 wineele
car - 4 whechs
motoroycle - 2 wheolt
CARs nn\y: mM}zlex‘ l:nv 3
45 45
x 4 < 2
[[= ] a0
2. Test. 20 cass and 25 motoroycies
20 25 20
x4 xZ T50
80 .50 20
F. Tesl! 26 cars 9nct 20 motoroycles
23 20 100
= 140
4. Test! 30 cowxs and P 1S motorcyelas
20 5 i
x 4 42 +§%

120 380

= Theee are 20 caws oand 15 oo rcycter

Fig. 22. Student D’s solution to problem number 1.

Student D tried some numbers and checked whether they satisfy the condition on the problem.
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A Mathematics quiz consists of 20 multiple-choice questions. A correct answer is awarded 5 marks
and 2 marks are deducted for a wrong answer while no mark is awarded or deducted for each
question left unanswered. If a boy scores 48 marks in the quiz, what is the greatest possible
number of questions he answered correctly?

Explain how you work it out.

corcect answer. 5 pts-

Wiong answer 1 - prs.
0 answer ¢

: b quiz consists of 40 wothipie -choice questions A The greatest postible saore: por
his eotrect answers and oo e dosest #at | thought of is BO0. Ip 50 cOmesponds o
10 correct answers, and his scors is 43, \ie is deducted 2 pis prom s g score. 2 pic.
deduction corresponde 4o | wrong answez. The rest o the questions (9) is tept wnanswered
1 tested anotner number. 1 B the nomber OF Wis corect answees i 12,50 his
soore ¢ €O T subttacted 48 Fom 4he number fo qet 12 . A deducfion op 12 pointe
coesponds to G wro ) .
] WG onswene. The et o the questions (2) is \cpt ynancwered.

L ried d@othar numbers s but he resurt shows Hhat 1. is 4o et e

questions he answered cormeetty. 1

/
.

Fig. 23. Student D’s solution to problem number 2.
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Fig. 24. Student D’s solution to problem number 7.
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Fig. 25. Student D’s solution to problem number 8.
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Consider a Simpler Case (SC) — includes rewording the problem, using smaller numbers, using a

more familiar problem setting, dividing the problem into simpler problems, or working back-
wards.

Student C and A were able to use effectively SC in solving problem number 3. Their
solutions somehow made the problem appear simpler to them than it looked like (“fig. 26").
They divided the problem into simpler statements.
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Fig. 26. Student C’s an A’s solutions to problem number 3.

Looking for Patterns (LP) - involves determining certain common characteristics that can be
generalized and used to solve the problem.

No one used this strategy in solving any of the 12 non-routine problems.

Table 6 shows the frequency of problem solving strategies employed by the students
belonging to the same level of performance. As gleaned on the table, "Make a Model or
Diagram” was the most frequently used strategy by both proficient and apprentice problem
solvers, while the “Guess, Check and Revise” was used frequently by the transitional problem
solver between apprentice and proficient levels. Only Student A used “Eliminate” and “Use a
Formula” among the five students in solving the twelve non-routine problems. The proficient
problem solvers employ at least 5 different problem solving strategies.
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TABLE 6 Frequency of Problem Solving Strategies of Students with the same Level of

Performance
Strategies
Level of Performance Student GCR VD . oC s - —
A 7 8 1 3 2 1 1
Proficient C 5 - 3 3 )
E 3 7 2 2 3
Apprentice/ Proficient D 6 1 2 2 4
Apprentice B 6 7 3 5

Conclusions and Recommendations

Each student in this study employed singly or in certain combinations at least four
problem-solving strategies on the twelve non-routine problems. Seven out of the eight possible
problem solving strategies were used at least once to solve the twelve non-routine problems,
“Making a Model or Diagram” being the most frequently used strategy. Some of the problems
were solved using a combination of 2 or 3 strategies like Making a Model or Diagram, Making a
Table, Chart, or List and Computing or Simplifying. Based on the solutions of the students, a
problem solving strategy could be employed by a student in different ways depending on the
complexity of the problem. There were also cases when students used the same strategy on
one problem but with different approaches. There were three out of the twelve problems that
were approached using three different strategies. Despite different approaches, all five students
successfully solved problem numbers 8 and 12. This indicates that the participants of this study
know that a single problem can be solved in more than one way. After evaluating the students’
problem solving abilities, this study shows that three of the five students were proficient
problem solvers while one of them was a transitional problem solver between apprentice and
proficient levels. One student was an apprentice problem solver. “Making a Model or Diagram”
was the most frequently used strategy by both proficient and apprentice problem solvers.

This study showed that junior high school students could employ different problem
solving strategies without prior instruction, if given the chance to solve non-routine problems.
All five students had a high level of problem solving ability, thus attaining a high level of
performance in the problem solving tasks. These high performing students became enthusiastic
in solving the problems when they were allowed to use any strategy in finding the answer.

Since the students who participated in this study all belong to high-ability group, it is
suggested that a similar study be done with students belonging to low-ability group. More
supporting evidence is needed to show that the problem-based instruction and learning is more
effective in nurturing the critical and analytical thinking skills of the students in any ability level.
Exposing the students to non-routine problems, can develop students” mathematical reasoning
power and foster their understanding that mathematics is a creative endeavor. Also non-routine
problems provide students a realistic situation where they are challenged to use higher order
thinking skills including their critical and creative thinking.

Academic institutions may consider immersing students in a setting where they can find
situations of interest to them. Schools should start introducing the students to problems that
lend themselves to long-term, thorough analysis at different levels of intellectual accomplish-
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ments. Problem solving activity should be
embedded in all aspects of learning
situations. In doing so, it is important to
document the results of implementing such
changes in order to inform school administra-
tors and teachers about the mathematical
thinking of Filipino students and in order to
help them make curricular decisions.
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